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1 X-ray radiation1 X-ray radiation1.1 DisoveryIn 1895 Wilhelm Conrad Röntgen investigated the harateristis of gaseous disharge tubes. Henotied that with every gaseous disharge there were �uoresene appearanes on a �uoresentsreen outside the tube. Röntgen realized that the reason for this had to be a new kind of radiationwhose existene had been undisovered till then. He dated the day of this disovery to 08.11.1895.In the English-speaking literature the term "X-rays", whih had been suggested by the disovererhimself, is generally aepted. In the German-speaking region the radiation is named after itsdisoverer: "Röntgenstrahlung". Röntgen himself arried out the �rst investigations to determinethe harateristis of the new radiation and realized that it was able to pass through optiallyopaque materials. The proof of the eletromagneti wave-harater of the radiation, however, was

Fig. 1.1: Experimental setup aording to Friedrih, Kip-ping und v. Laue - Quelle: [Lau13℄furnished by Laue, Friedrih and Knipping only in 1912 by di�ration experiments on rystals.Fig. 1.1 shows the historial experimental setup used by Kipping and Friedrih.As it is desribed below the x-ray tube reated polyhromati x-ray radiation. The outomingradiation was ollimated by holes in two lead plates onto the rystal under investigation. Therystal itself was mounted on a goniometer with some degrees of freedom. The photo plate wasused for detetion. Two of the publishes photographs are shown in Fig. 1.2.The publiation of this work took plae 1913 in the �Annalen der Physik� and already in 1914Max von Laue reeived the Nobel prie as initior of these investigations.The Laue method is used still used with the help of onventional x-ray tubes for determinationof the rystal orientation (i.e. the determination of the orientation of the rystallographi basevetors with respet to the outer oordinate system). The availability of synhrotrons as soures ofx-ray radiation (extreme high intensity, broad spetrum of frequenies, small divergene) enlargedthe perspetives of the Laue-Methode towards a time-resolved determination of the rystal stru-ture. The basi knowledge, that is also neessary in this experiment, is also for these appliationsinevitable.4



1.2 Erzeugung

Fig. 1.2: Historishe Laue-Aufnahmen eines Kupfervitrolkristalls1.2 ErzeugungX-rays are quanta of eletromagneti �elds in the high energy range; they have a wavelengthbetween 1 pm and 1 nm. This orresponds to an energy value between 1 MeV up to 1 keV.

Abb. 1.3: Elektromagnetishes Spektrum; Quelle: �Gebändigtes Liht�,Themenheft der DPG und des BMBF, 06/2000In the eletromagneti spetrum (1.3) the lower energies beyond this are so-alled hard ultravi-olet rays; the energies above 100 keV are alled gamma rays, if the radiation is generated throughnulear transitions. 5



1 X-ray radiationX-rays have a relatively high energy ompared to visible light and that is why they an easily pen-etrate material. Furthermore, X-rays an indue materials to �uoresene and they an blakenphotographi plates. Beause of these harateristis the X-ray methods found wide appliationin mediine and tehnology.Eletromagneti radiation is reated, if harged partiles are aelerated. This happens for ex-ample in a synhrotron by de�etion of the eletrons in magneti �elds or by a simple deelerationof eletrons in a solid material as it is the ase for the x-ray tube. Fig. 1.4 shows suh an x-ray

Fig. 1.4: Prinipal setup of a x-ray tubetube. Free eletrons are liberated at the athode by means of glow emission und then aeleratedin a high voltage �eld (10 kV-300 kV). When these eletrons hit the anode, the will be deeleratedin one or several hits with bound and free atomi eletrons. The fast eletrons transfer a ertainamount of momentum and kineti energy to the atomi eletrons:
Ekin =

1

2
me · v

2 = e · U (1.1)A ertain part of this energy will be emitted as x-ray radiation. However, the biggest part ofthe energy auses a heating of the anode material. Anode material as its melting temperatur ishigher than 3000◦ C. In order to inrease the radiation intensity or just to prevent a melting ofthe anode material, the anode has to be water ooled. Copper, molybden, silver or hromium areommon anode materials. Beause of absorption in air yield of the x-ray Bremsstrahlung intensityis maximal for opper radiation.A theoretial desription of this �Bremsstrahlung� is done with the help of the so alled Lienard-Wiehert potential:
ϕ(x, t) =

∫

V

∫
̺(x′, t)
|x− x′| · δ(t′ − t−

|x− x′|
c

) dx′ dt (1.2)For a single eletri harge this potential an be alulated analytially and one gets the following6



1.2 Erzeugungradiation �elds:E(x, t) =
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R
R

×E(x, t) (1.4)with R = x−x′ = x−r(t′) and β = v/c as the veloity of the eletrons normalised to the speed oflight. In the ase of Bremsstrahlung radiation the ontribution ~β × v̇ vanishes and the absolutevalue of the orresponding Poynting-Vektor is given by:
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(1 − β · cos(ϑ))6
(1.5)Here ϑ is the angle to the propagation diretion of the eletrons in the x-ray tube. The funtion
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Fig. 1.5: Charateristis of Bremsstrahlung radiation(1.5) is depited in Fig. 1.5 for three di�erent values of β. Furthermore a shemati drawing ofthe emitted spetrum is shown. From (1.1) one an see, that there is a uto� wavelength λmin inthe left part of the spetrum, that is related to maximum kineti energy of the Elektrons, that aredeelerated in the anode. Photons with this wavelength are reated, if the total kineti energy ofthe eletrons (1.1) is used for the prodution of the photon. One gets:
λmin =

2π · ~ c

~ω

=
2π · ~ c

Ekin
λmin =

2π · ~ c

eU
(1.6)

⇒ λmin[Å] ≈
12, 4

U [keV]
(1.7)The spetrum of the Bremsstrahlung is overed with the so alled harateristi spetrum. Itoriginated from aelerated eletrons, that liberate atomi eletrons in the anode material. What7



1 X-ray radiationremains is an exited atom, whih returns to its ground state by athing an free eletron andemitting an photon. This anode material spei� radiation has a limited spektral bandwidth andso it is very bright. This part of the total radiation power is of lower interest in this experiment.However, it might explain, why ertain di�ration spots have a very high intensity.1.3 CharaterisitisAs already mentioned, Röntgen disovered that X-rays penetrates deeper into matter than lightbeause of its high energy. To desribe the interation between X radiation and matter adequately,the following e�ets have to be examined: absorption, sattering, generation of seondary radi-ation, pair prodution, ionization, luminesene as well as di�ration and refration. Here onlythe last two e�ets will be looked at more losely beause they are essential for the understandingof the Laue method. For questions onerning the other e�ets we refer to the teahing module�X-ray optis� and to the relevant literature. [Gru94℄.To observe di�ration e�ets, the wavelength of the radiation and the measurements of the objeton whih the radiation is to be di�rated have to be of the same order of magnitude. In the rangeof "visible light" we deal with wavelengths between 400 and 700nm. The typial measurements ofa di�ration lattie have to be of the same sale and thus ruled gratings typially have some 1000lines/nm. The intervals between the lines of a di�ration lattie for the X-ray range then wouldbe of the same magnitude as the distane between the atoms beause the wavelength is typially1000 times smaller than in the visible optial range. A lattie of this kind annot be arti�iallyprodued but the atoms of a rystal form the lattie themselves. Max von Laue, W. Friedrih andP. Knipping reognized this onnetion already in 1912 [2a℄. In their historial experiment theyreorded the �rst di�ration images of rystals in the X-ray range. If a rystal (whih funtionsas a three-dimensional lattie here) is radiated with polyhromati radiation, this radiation willbe refrated under di�erent angles depending on the wavelength. (This proess is analogous tothe proess on an optial lattie.) This an be illustrated by the help of the following model: TheX-ray �eld indues eah eletron within the rystal to osillate. In this way every eletron itselfbeomes the starting point of X radiation. The eletrons, however, do not osillate automatiallyin-phase. Beause of their di�erent position within the rystal they are hit by the primary radi-ation at di�erent points of time. There have to be speial onditions for the wave trains of theseondary radiation to superpose in onstrutive ways. That is why the interferene onditionsare similar to the ones in the optial range. In our ase, however, the interferene onditions aremore ompliated beause of the three-dimensional lattie struture. The formation of the atomswithin the rystal and the positioning of the rystal lattie towards the primary rays are of speialimportane. The Laue method makes use of this fat to determine the symmetry harateristisof the rystals. We will have a loser look at the partiular onnetions and the formation ofdi�ration images later.1.4 DetetionX radiation an be proved by every measurable interation between X-rays and matter. Forexample, X radiation ionizes the moleules of the air and in this way indiretly auses the redutionof an eletri �eld between two plates of a apaitor by penetrating the air between those plates.This priniple is also used for the Geiger ounter after Geiger and Mueller. Here, however, wehave an axially symmetri positioning of the apaitor in an inhomogeneous eletri �eld (tube8



1.5 Radiation protetion�lled with inert gas under low pressure). The high voltage of the apaitor aelerates every ionwhih is produed through X radiation. These ions in turn produe free harge arriers throughollision ionization and in this way redue the detetion limit for the dose of radiation. By meansof suh a measurement only the intensity of the X radiation an be examined, a spetral or loalresolution is not automatially possible.The sintillation ounter is based on another priniple. Here the X-rays indue proesses ofluminesene within a rystal (usually sodiumiodide doped with thallium). The optial photonsgenerated in this way hit a photoathode and release eletrons in this athode. These eletrons arestrengthened through a voltage asade ( photomultiplier). Beause the strength of the voltageimpulse depends on the energy of the X-rays, not only the radiation intensity but also the spetraldistribution an be deteted, if the deay time of the rystal is short enough. In the Laue methodposition sensitive area detetors like the following are neessary to detet the di�rated radiation:
• A luminesent sreen is exposed to the radiation. The sreen transfers the radiation into theoptial frequeny range, so it an be photographed. However, this method beame obsoleteand is not used nowadays.
• A photoemulsion is exposed to the radtiation. Depending of the struture of the �lm theproesses that leads to a blakening of the �lm by x-rays are similar to these in the optialrange. However, the blakening urve i.e. the onnetion between lightening time and thedegree of blakening is di�erent for x-rays.
• The Laue piture is enhaned by a image signal enhaner and piked up by a CCD- Kamera.So the Laue reord is immediately given as an eletroni medium.
• The �Imageplate system� is omparable to the detetion method by a photo emulsion. Theimage plate onsists of a polymer, in whih x-rays an reate defets. These defets are stableunder normal onditions, but show �uoresene for a harateristi wavelength. With thehelp of a speial sanner the di�ration pattern an be digitalised.1.5 Radiation protetionDealing with X-rays is very dangerous. There an be both physial and geneti (hereditary)damages and injuries. Only severe radiation injuries an be pereived immediately by the persona�eted. That is why speial preautionary measures are neessary whih are legally regulated inthe "Regulation about the Protetion against Damages and Injuries aused by X-rays" of January8th 1987, latest update on July 18th 2002. Beause of this regulation there are speial guidelinesfor dealing with X-rays in working environments and supervision. The following measurementsand limits guarantee the observane of these legal regulations in our experiment: The maximalloal dosage in this experiment was 30 µSv/h. The hands will be exposed to radiation about threeto �ve hours if the experiment is well prepared. The limit of radiation for the hands of peopledealing with radiation beause of their work is 150 mSv/year. So in our Laue experiment theradiation is far beneath the legal limits. The other parts of the body are proteted by lead sothere is no measurable radiation.Further information is given in the standard literature.
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2 Beshreibung von Kristallen2 Beshreibung von KristallenAs indiated in the subsetion 1.3, regular submirosopi strutures are neessary for the reationof di�ration pattern with X-ray radiation. Suh a regularity has to over a wide volume areaompared to the atomis distanes in order to develop strong interferene phenomena. Amorphoussolid strutures do not show regularity and therefore reveal if any only weak interferene patterns.On the other hand rystals exhibit even in makrosopi samples very regular strutures and anbe analysed with X-ray di�ration very e�iently. The desription of the di�erent rystal systemsand the ontained symmetry harateristis is the topi of this setion.2.1 Coordinate systems and lattie planes
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Fig. 2.1: Crystallographiunit ell of a rystal:The basis vetors enti-tles with a, b, ℄ or [a1,a2, a3℄. a and b enlosthe angle γ, b and  theangle α and  and a theangle β. The lengthsof the basis vetors arealso alled lattie para-meters.Regularity of a rystal means, that a ertain on�guration of atoms (a lattie point) in a rystalis repeated over and over again in eah of the diretions in spae to build up the rystal lattie.The smallest on�guration of lattie points to build up the whole rystal is alled a rystallographiunit ell (see Fig. 2.1). Within this unit ell the edges de�ne the by the so alled basis vetors ofthe rystal. Now, the periodiity of the rystal demands for a reonstrution of the total rystalby means of suessive translation in the diretions of the three basis vetors.Neither in nature nor in the laboratory the shape of a marosopi rystal will exhibit the shapeof the unit ell. The outer surfaes of rystals an be lassi�ed by ertain lattie planes instead.These uts through the rystal, for whih the ondition of periodiity is given, will ross the axiswhih are de�ned by the diretions of the basis vetors in the points ao, bo und o (see Fig. 2.2).It should be mentioned here that ao, bo und o need not be integer numbers. However, these threenumbers are mostly given by interger numbers.2.2 Reiproal lattie and Miller's indexesThe reiproal lattie is a mathematial onstrution, whih is useful for indexing of lattie planesand for further insight to the X-ray di�ration of rystals.10



2.2 Reiproal lattie and Miller's indexes
Fig. 2.2: Lattie plane ofa rystal: The lat-tie plane shown in thesketh rosses the ex-tensions of the basisvetors in the pointsao, bo und o (in unitsof the basis vetors).Equally oriented lattieplanes show a onstantratio ao:bo:o. R is ar-bitrary vetor guidingfrom the origin to thelattie plane and N isthe normalised vetoron the lattie plane.
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Die basis vetors of reiproal lattie are de�ned by the following equations:a · a⋆ = 2π b · b⋆ = 2π  · ⋆ = 2πb · a⋆ = 0  · b⋆ = 0 a · ⋆ = 0 · a⋆ = 0 a · b⋆ = 0 b · ⋆ = 0
(2.1)A solution to this linear equation system is given by the de�nition equations:a⋆ = 2 π

VEZ · b× b⋆ = 2 π
VEZ · × a⋆ = 2 π
VEZ · a× b mit VEZ = a · (b× ) (2.2)(2.3)Sine the basis vetors of the real lattie are linear independent the basis vetors of the reiproallattie have the same harateristi and one an develop any vetor in terms of these two setsof basis vetors. So one an write R = u · a + v · b + w ·  with suitable values for u, v and

w. This arbitrary vetor onnets the origin with the lattie plane in Fig. 2.2. N = 1
2π

·
(n1 · a⋆ + n2 · b⋆ + n3 · ⋆) is the normalised vetor on the plane.The perpendiular distane D of the lattie plane to the origin is given by:

D = R ·N = n1 · u+ n2 · v + n3 · w (2.4)This equation is valid for all vetors B leading from the origin to the lattie plain and thereforeone an modify (2.4) with respet to the three rossings with the oordinate system axes:
D = n3 · ao = n2 · bo = n3 · o (2.5)11



2 Beshreibung von KristallenThe four equations (2.4) and (2.5) together build up the lattie plain equation:
hu+ k v + l w = m (2.6)Here h, k and l are integer numbers. They are given by mao

, mbo

and mo

respetively with a suitablevalue of m whih is also integer. One an show, that (2.6) is the mathematial desription of the
mth lattie plane, ounting from the lattie plane, that inludes the origin. The vetorG = h · a⋆ + k · b⋆ + l · ⋆ (2.7)is a arbitrary reiproal lattie vetor and is perpendiular on the lattie plane under onsideration.It haraterises the lattie plane ompletely using equation (2.6). The triple (h k l) is alled asaMiller's index. Fig. 2.3 shows three examples for lattie planes together with their Miller'sindexes.2.2.1 Angle between two lattie planesThe angle between two lattie planes is equal to the angle between the orresponding normals onthe planes. Therefore equation

cos(ψ) =
G1 ·G2

G1G2
(2.8)is valid.2.2.2 Interplanar distanesMoreover the interpretation of the integer number m makes it possible to alulate the interplan-etary distane between two lattie planes with the same orientation. In a quadrati form onegets:

d2
hkl =

1

G2
hkl

=
1

(h · a⋆ + k · b⋆ + l · ⋆)2
(2.9)PSfrag replaements
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Abb. 2.3: Example of three lattie planes with the orresponing Miller'S indexes.The basis vetors are di�erent for the three ases, so the omparison of theindexes is not su�ient for the omparison of the lattie planes.
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2.2 Reiproal lattie and Miller's indexesCoordinate systemattributes simple body fae baseentered fae enteredubi
a = b = c

α = β = γ = 90◦

trigonal
a = b = c
α = β = γ

For α = β =
γ = 60◦ thetrigonallattie isequal to thefae enteredubi elltetragonal

a = b 6= c
α = β = γ = 90◦hexagonal

a = b 6= c
α = β = 90◦

γ 6= 90◦orthorhombi
a 6= b =6 c

α = β = γ = 90◦monolini
a 6= b 6= c

α = γ = 90◦ 6= βtrilini
a 6= b 6= c
α 6= β 6= γTab. 2.1: The 14 Bravais latties: For identi�ation of the lattie on-stants and angles see also Fig. 2.1 13



2 Beshreibung von Kristallen2.3 Symmetrie Operations, Bravais latties and point groupsSymmetry operations are transformations of a system, that remain the system unhanged. Thesymmetry operation translation is the basi tranformation, that is valid for every rystal. Besidethis there are the following symmetry operations:
• Mirror planes (m): The system has a mirror plane with a ertain orientation.
• Rotation (2, 3, 4, 6): There are 2,3, 4 and 6 fold rotation axes, i.e. the system turns toitself by rotation of 360◦/x.
• Inversion (1): The inversion inverts all spaial oordinates.These symbols appear in groups of 1, 2 or 3 haraters. The interpretation of a single harateris easy. For instane 6̄ means, that there is a 6-fold axis with a inversion ¯, that has to usedafter eah rotation step by 60◦. For symbols with 2 haraters there are two types. The �rsttype says, that for 43 one has to apply a 3-fold symmetry axis, that is perpendiular to a 4-foldaxis. The meaning is di�erent for 4/m. Now there is a 4-fold axis, that is perpendiular to amirror plane m. Symbols with 3 haraters are understood in the same way as Symbols with 2haraters. However, here one has to use all three diretions of spae. As seen in the subsetions2.1 and 2.2 it is possible to desribe a rystal not only by a single unit ell and single set ofbasis vetors respetively. There are unountably many lattie planes, whih ful�l the onditionof peridiity and therefore an build up the �walls� of other unit ells. However, there are moreuseful de�nitions of unit ells and less useful ones. In the end all these unit ells an be reduedto a basi shape of the rystal lattie beause of its intrinsi symmetry.In general on distinguishes between 7 di�erent groups of symmetry operations eah of whihontains a ertain amount of symmetry operations. These groups are {1̄, 2/m, mmm, 4/mmm, 3̄m, 6/mmmund m3̄m} and represent the 7 oordinate systems, that are shown in Tab. 2.1.Although the in�nite rystal will always show the spei� symmetry elements, the symmetry ofthe unit ell an be redued by ertain on�guration of the atoms. Nevertheless one stiks up tothe lassi�ation into the 7 oordinate systems. The redued set of symmetry groups are the 32point groups that are listed in Tab. 2.2 with their orresponding oordinate system.Triklin Monoklin Rhombish Tretragonal Trigonal Hexagonal Kubish1̄ 2/m mmm 4/mmm 3̄m 6/mmm m3̄m� � mm2 4mm 3m 6mm �� � � 4/m 3̄ 6/m m3̄1 2 222 422 32 622 432m 4̄2m � 6̄m2 4̄3m� � � 4 3 6 23� � � 4̄ � 6̄ �Table 2.2: 32 kristallographishe Punktgruppen unterteilt in die 7 Grundgittertypen14



2.4 Stereographi projetion
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Figure 2.4: Stereographi projetion: a) Shown is a lattie plane or a part of the surfae of arystal. The orresponding pole is P′, P is the point in the projetion with the oordinates(ϕ, ϑ) and (ϕ, ̺) respetively. b) Equatorial plane (plane of the stereographi projetion)with the de�nition of the length ̺. ) The x′-z-projetion is the layer, in whih die onnetionline and the pole lie.2.4 Illustration of point groups und ontaining symmetries: StereographiprojetionThe stereographi projetion is used to display the relation between the marosopi rystal planesand arbitrary lattie planes respetively in a 2dimensional way. Thus, it is neessary to projetthe points of a sphere into a plane. (for labels and names see Fig. 2.4):

• The rystal is plaed in a sphere with a radius of 1 in suh a way, that the equator plane ofthe sphere is the plane of the stereographi projetion.
• Starting from the entre Lote n̂ on the rystal planes are drawn up to the surfae of thespheres.
• The rossing points of these Lote with the surfae of the sphere are alled surfae poles orjust poles P′. The poles of the northern hemisphere are onneted with the south pole Sof the sphere, those of the southern hemissphere with the north pole N . The rossings Pwith the equatorial plane are diretly the points in the stereographi projetion with theoordinates (ϑ, ϕ) or (̺, ϕ).
• A pole on the northern hemisphere is drawn as a �lled irle, pole in the southern hemisphereis drawn as a ring. 15



2 Beshreibung von Kristallen2.4.1 Lattie planes and zones in the stereographi projetion: The Wul� netIn generell there are two basi methods to display a arbitrary lattie plane in the stereographiprojetion.Analytial method: The �rst method begins with the alulation of the reiproal lattie vetor2.7, that is given by the Miller's indexes of the lattie plane under onsideration. This vetor anbe desribed in Cartesian (x, y, z) or in spherial oordinates R, ϑ and ϕ:
h · a⋆ + l · b⋆ + l · ⋆ = G = R ·





cos(ϕ) sin(ϑ)
sin(ϕ) sin(ϑ)

cos(ϑ)



 (2.10)From part ) of Fig. 2.4 one an see the relation
̺ = R · tan

(
ϑ

2

) (2.11)for the distane from the entre of the stereographi projetion to point P . The angle ϕ an beused without any transformation. This method an also be used in the opposite diretion i.e.when a point in the stereographi projetion is given.Meridians and parallels: Wul� net The desription of meridians and parallels is done the bestways in another notation Fig. 2.5. In this hanged notation a lattie plane normal an be de�nedby a longitude λ and a latitude ψ angle. These angles are also known from the oordinate systemon the globe. Whereas meridians ontain all poles with onstant λ - these are just the greatPSfrag replaements
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Fig. 2.5: De�nition of lon-gitude λ and latitude

ψ. Take are aboutthe hange in orienta-tion ompared to the�gure Fig. 2.4 for abetter viewingirles of a sphere -, the so alled parallels are the set of poles with onstant ψ. (see Fig. 2.6 forhelp in geometrial understanding). The meridians are same as the rystallographi zones.TheWul� net shows the stereographi projetion of several meridians and parallels with ertainonstant spaing in the values for λ and ψ. An implementation with a hange in longitude andlatitude of 5◦per step is shown in Fig. 2.7.Usage of Wul� net: Geometrial method The Wul� net is the basis of the seond methodthat is a geometrial method. In priniple it an be used for two di�erent lasses of tasks: Onean draw the stereographi projetion for a given set of poles or one an get angular relationsbetween the poles in a given projetion.The �rst task gives more insight in the working priniple of the net:16



2.4 Stereographi projetion
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Figure 2.6: Meridians - poles with onstant longitude λ - and parallels - pole with onstantlatitude ψ

• A projetion is only valid for a ertain orientation of the rystal. So at �rst the orientationof the rystal with respet to the projetion plane must be known and �xed. Fixing the polein the entre of the projetion is su�ient. One says: �I draw the stereographi projetionin diretion (1 1 1)�.
• The seond pole in the projetion - the �rst one was the pole in the entre - an be drawn atan arbitrary angle ϕ in projetion plane. Only the distane from the entre is relevant forpositioning the pole. This distane is in fat an angle given by (2.8) and has to be ountedin units of the Wul� net, i.e. in units of meridians from the entre meridian.
• The remaining pole are entered as follows:� At �rst one has to alulate the angle towards the pole in the entre.� Now the Wul� net is rotated around the entre point until another known pole lies onthe meridian λ that is equal to the alulated angle. Now one knows, that the knownpole and the new lie on the same meridian, i.e. the two poles have the same longitude

λ� The di�erene in latitude ∆ψ is the angular distane between these two pole and isalulated again with the formula (2.8). One an measure it in stereographi projetionin units of rossings with the parallels in the net.The seond task is quite similar:
• To get the angular relation between two poles out of the stereographi projetion, one hasto rotate the Wul� net until the two poles lie on the same meridians.
• Now the angular distane is given by the hange in latitude ψ from on pole to the other.poles, that lie on the same meridian, belong to the same zone. If the Wul� net is orientated in suha way, that the zone ondition is visible, one an also mark the zone axis. This zone axis is normalto the zone and the oordinates in the projetion are given just the same as it is the ase for asimple pole. The oordinates are: λzone axis = λzone−90◦ if λzone ≥ 0◦ and λzone axis = λzone +90◦otherwise. The other oordinate ϕzone axis = 360◦ − ϕfarest pole from entre. 17



2 Beshreibung von Kristallen
Fig. 2.7: Wul� net with di-visions ∆ψ = 5◦ and

∆λ = 5◦. The ori-entation is x:→ andy:↑. Further imple-mentations with vari-ous divisions in λ and
ψ with di�erent linethiknesses are linkedhere.Illustration of pointgroups with the help of stereographi projetion: The 32 point groupsbuild the irreduible group of ombinations of symmetry operations in 3 dimensional spae exeptthe translation. The single elements of this group an be distinguished and explained by theirstereographi projetion. Starting from a single pole in the stereographi projetion with theMiller's Indexes (h k l) the symmetry elements of the point group under onsideration are appliedto the pole in the projetion. One gets further poles on the basis of the ontained symmetryoperations. If a pole is transferred to itself, one has left the general positions and the projetionis redued to speial positions of the poles. If this happens the number of poles in the projetionis redued in omparison to the general positions.Fig. 2.8 shows the stereographi projetion of the point-PSfrag replaements (4 d 1 )(2  .m2)(2 b m.2)(1 a ..2)m m2

Figure 2.8: General (blak) andspeial (olored) positions ofthe point group mm2
group mm2. It belongs to the orthorhombi oordinate sys-tem.The importane of this theory for the experiment lies inthe symmetry onsiderations, whih are valid for the stere-ographi projetion just as for the laue di�ration pattern.All symmetry elements of a point group must appear also inthe di�ration pattern. The di�ration has to reveal evenmore symmetries as it annot distinguish between pointgroups with and without an inversion. So the 32 rystal-lographi point groups are redued to 11 distinguishableLaue groups.This means, that the di�ration pattern of a rystal witha hexagonal unit ell will show a 6-fold rotation axes inseveral di�ration orders (see 3) of the Laue reord is the inoming beam is perpendiular to the(0 0 1) lattie plane.Further information and the desription of all 32 point groups and their stereographi projetion18



2.5 Crystal strutures and used rystals.an be found in [Pub89℄.2.5 Crystal strutures and used rystals.2.5.1 QuartzQuartz is nothing else than silion oxide SiO2 in a speial
PSfrag replaements

SiO
Abb. 2.9: Helixstruture ofQuarz

rystalline struture. In ontrast to gallium arsenide the on-stituent atoms of Quartz Si and O do not build up two Bravaislatties with a spei� orientation to eah other. Instead thesilion atoms represent the entres of a tetrahedra. The or-ners of the tetrahedra are oupied by the oxygen atoms. (seeFig. 2.9). Sine the stoihiometri relation of 1 Si atome per 2O atoms is violated for a single tetrahedra, every single oxygenatom is onneted with two silion atoms and represent theorners of two touhing tetrahedra. The rystalline strutureis the following: The �rst position of suh a SiO4-tetrahedramay be (0 0 0). By rotation of 120◦ and subsequent displae-ment in the rystallographi -axis one reahes the seond po-sition of a tetrahedra: (−a/2
√

3 a/2 c/3). Another srew rotationleads to the third position in the unit ell:(−a/2 −
√

3 a/2 c/3).In Fig. 2.9 two helies with the length of 2 unit ells are shown. Combining all other atomsof the struture, one an see the hexagonal unit ell of the rystal. The lattie onstants are
a = 4, 9124Å and c = 5, 40039Å.2.5.2 Zin blend strutureZin sulfate (ZnS) ours mainly in two on�gurations of solid state, the wurzite- and the zinblende struture. For the seond struture the zin atoms and the sulphur atoms build up twoseparate ubi fae entered latties (f). Moreover these two latties are displae by 1/4 (in unitsof the diagonal) along the diagonal. Fig. 2.10 shows the atomi positions of the zin and sulphurin a single f unit ell of the rystal. It ontains 4 zin and 4 sulphur atoms, so the stoihiometrirelation is ful�lled.

Fig. 2.10: zin blend stru-ture: a) shows thef-struture b) showsthe tetraedri stru-ture, that is typial fordiamond strutures.
PSfrag replaements a) b)ZnS tetrahedral bondstrigonale unit ell
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2 Beshreibung von KristallenThe positions of the atoms in the unit ell in referene to the ubi basis vetors are:Zn: {(0 0 0), (0 1/2 1/2), (1/2 0 1/2), (1/2 1/2 0)}S: {(1/4 1/4 1/4), (1/4 3/4 3/4), (3/4 1/4 3/4), (3/4 3/4 1/4)}
(2.12)Another example for the zin blend struture ist Gallium arsenide, whih is used in this exper-iment. The ubi lattie onstant is a = 5, 6533Å. Further information on this rystal an befound in [Wik℄.The diamond lattie is a speial type of a zin blend struture, as for diamond both types ofatoms are the same. Carbon, silion and germanium an rystallise in this on�guration.Further literature to this topi an be found in [Dem05℄, [Kle98℄ and in Kristallographie I vonWalter Steurer and Thomas Weber. Unfortunately, these books are written in german. However,there will also be muh literature in English language.
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3 X-ray di�ration at rystals3.1 Simple di�ration theoryFor this setion the standard literature of solid state physis is useful.The simple di�ration theory of X-rays is based on the following physial proess: An inomingplane wave with a wavevetor ko (|ko| = k = 2π/λ) enters matter and indues the atomi eletronsto osillations of the same frequeny as the inoming wave. These oszillations give rise to theemission of spherial waves. The intensity of the superposition of all sattered waves is observedat an observation point B. The diretion from the interation point to this point is given by thewavevetor k of the outgoing wave. Sine the refrative index of matter and air is nearly 1 forX-rays, one an state |k| = k. The amplitude of the inoming wave at point P in matter is given
Fig. 3.1: Simple di�rationtheory
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by:
AP (r, t) = Ao · e

iko·(Ro+r)−i ωo t (3.1)HereRo is the leading vetor to the sample. At point P an eletron is exited and emits a spherialwave with a probability f . The amplitude of this wave at point B an be approximated by
AB = AP (r, t) · f ·

ei k·(R−r)
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(3.2)In order to alulate the amplitude of all di�rated wave at point B one has to integrate of thetotal sattering volume of the sample. The spatial weighting is done by a spaial dependingeletron density distribution̺(r). Hene the integrated intensity at the observation point - onlythis quantity is measurable in the experiment - is given by:
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2 (3.3)Furthermore the harge density distribution shows the same periodiity like the rystal lattie.Thus one an develop this funtion into a series of reiproal lattie vetors.
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3 X-ray di�ration at rystalsThe sum of the series is independent from the integral in (3.3), so detah this sum from the totalintegral and one gets for the remaining integral:
∫

ei (G−q)·~r d3r =

{
V für G = q
0 sonst (3.5)The extrated di�ration ondition is the ondition for onstrutie interferene of all satteredwaves in point B: q = k− ko = G (3.6)The measurable intensity an be formulated:

IGesamt
B =

A2
o

R2
N2 f2 · |̺q|2· (3.7)3.2 The Laue equationsThe multipliation of the equation (3.6) with eah of the lattie base vetors a, b und  leads tothe three Laue equations (using equations 2.1):

(n̂− n̂o) · a = h · λ
(n̂− n̂o) · b = k · λ
(n̂− n̂o) ·  = l · λ

(3.8)Here the relations n̂ = k
k
and n̂o = ko

k
an be applied. In the experiment n̂ and n̂o an bedetermined diretly from the Laue reords. So the Laue equations deliver three onditions forthe four unknown quantities h, k, l and λ. A solution to this problem is not aessible withoutfurther information about the unknown parameters. Fortunately it is known, that h, k und l areinteger numbers. Therefore

h =
(n̂− n̂o) · a
(n̂− n̂o) ·  · l and k =

(n̂− n̂o) · b
(n̂− n̂o) ·  · l (3.9)must result in integer numbers, if l is hosen to be integer. Using this information, one andetermine all four unknown parameters, if the orientation of the rystalline unit ell i.e theartesian representations of a, b and  in the laboratary oordinate system are known.3.3 Ewald onstrution and the reiproal spaeThe di�ration ondition (3.6) an be interpreted geometrially using the Ewald onstrution:

• In this experiment the rystal is irradiated with polyhromati X-rays Therefore the absolutevalue of the wave vetor k = |k| = ko| an take all values in the interval k ∈ [kmin, kmax] =
[2π/λmax, 2π/λmin]. Whereas λmin is determined by (1.6) and the maximum kineti energy ofthe aelerated eletrons (in the ase of X-ray tubes) λmax is limited only by the dereaseof intensity with higher wavelengths.22



3.4 Bragg's interpretation of the di�ration ondition
• The reiproal spae is a 3dimensional spae that is build up by the reiproal lattie basevetors (2.2). It ontains the reiproal lattie of the rystal and has the same units like k(ompare with 3.6). Hene, one it makes sense to draw the wave vetors of the inomingand outgoing beams into the reiproal spae.
• Fig. 3.2 shows the ewald ontrution in 2 dimensions. Two irles with the radii kmin and
kmax are drawn in suh way, that the ross eah other in a single point of the reiproallattie. The onnetion lines between the entre and this reiproal lattie point have to beparallel to eah other and parallel to the diretion of the inoming beam.

• The di�ration ondition is now ful�lled for all reiproal lattie vetors, that onnet therossing point of the two irles with another lattie point in between the two irle andthe two spheres in 3D respetively. This is shown for a single set of inoming and outgoingwave vetor and a reiproal lattie vetor.
Fig. 3.2: Ewald onstru-tion: The lengths ofthe shown wave ve-tors are kmin, kmax and

kmin < k < kmax.All reiproal lattiepoints inside the rosshathed area lead toa onstrutive interfer-ene in the orrespond-ing diretions.PSfrag replaements kmaxkmin
3.4 Bragg's interpretation of the di�ration onditionBragg interpreted the di�ration ondition 3.6 as a onstrutive interferene at the lattie planesof the rystals. The inoming X-ray beam is de�eted like an optial beam optis aording tothe well known re�etion law: Is the di�erene in the optial length of the di�erent paths throughthe rystal in Fig. 3.3 just a integer multiple of the wavelength, the ondition for onstrutiveinterferene is ful�lled.The di�erene in the optial path lengths is given by:

m · λ = ∆s = 2 dhkl · sin(ϑ) (3.10)
dhkl is the distane between two neighbouring lattie planes, that an be alulated by means ofequation (2.9). m is a integer number and ounts the order of the interferene. In this ase ofLaue di�ration of X-rays one an approximate the refrative index by n ≈ 1.It is possible to show the equivalene of the Laue equations (3.8) and Bragg's equation (3.10) ingeneral. 23



3 X-ray di�ration at rystals

ds ds

PSfrag replaements ϑ

ϑ

dhkl Fig. 3.3: Bragg's interfer-ene ondition: The in-oming beam enlosesan angle ϑ with the lat-tie plane3.5 Atomi form fator, struture fator and extintion rulesThe sattered intensity in (3.7) depends on the absolute square of the Fourier transformed om-ponent of the harge density distribution ̺G. Here G is just the reiproal lattie vetor for whiha onstrutive interferene is observed. The integration 3.4 is done over the volume of the totaluni ell of the rystal.Moreover it is possible to understand the total harge density as the sum of harge densities ofall atoms in the unit ell with the origin at the oordinates of the atoms ~rα: ~r = ~rα + ~r ′:
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fα is the atomi form fator of the di�erent atoms. The total sum is alled struture fator ofthe rystal. The only free parameters are the omponents of the reiproal lattie vetors G andthe Miller's indexes respetively.
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3.5 Atomi form fator, struture fator and extintion rulesAs an example the struture fator of a ubi fae entred rystal with a single type of atoms anbe expressed by:
SfG = f ·

(

1 + eπi (h+k) + eπi (k+l) + eπi (l+h)
)Obviously, SfG vanishes, if two of the integer numbers h, k and l are even. Extintion rules likethis and many others arise in dependene from the distribution of the atoms in the unit ell andthe relative values for the form fators of di�erent atoms in the unit ell.Further information an be found in [Dem05℄ and in Physik der Röntgenstrahlung.
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4 Versuhsbeshreibung4 VersuhsbeshreibungThe experimental setup, proedure and tasks will be explained in this setion. It is obligatory,that the students omply with the mentioned safety and operation instrutions.4.1 Experimental tasksThis setion begins with the desription of the experimental tasks thatPSfrag replaements ̺

ξ

ϕhas to be exeuted in this experiment. The various elements not men-tioned in the theoretial part are explained in the following. A arefulprotool of the experimental steps is of elementary importane. It isno problem to draw another sketh, on the other side a missing infor-mation mostly is not aessible after �nishing the experiment.Determination of the orientation of a rystal : At �rst the two Imageplates (IP) has to beerased and read out to be sure, that the are more signals stored in them. To guaranteethis one should do a test readout of the IPs. It's important to handle the IPs with are.Therefore they must only be moved with a small suker.A alpha-quatz rystal will be mounted on the sample holder of the Laue amera and adjustedin suh a way, that all angles of the goniometer show a value of 0◦.The amera will be equipped with the erased IPs in diretion of re�etion and transmission.The illumination is done with a ollimator diameter of 0.8mm for 8Minutes at a urrentof 30mA and a aeleration voltage of 40 kV. It is very important, that the IP arrier ofthe amera is put together and mounted orretly. A omparison with the reord of anorientated sample from Fig. 4.1 should be done.The aim of this task is to re-adjust the orientation of the rystal to its (110)-lattie plane.The following steps have to exeuted:
• High symmetri re�exes has to be extrated and identi�ed from the �rst reord with thehelp of the Greninger net. The harateristis of suh high symmetri re�exes is thatmany zones ross eah other in theses points. Furthermore the are only few re�exes inthe diret vininity of these symmetri re�exes. The identi�ation of these re�exes isdone by a measurement of the angluar distanes to eah other with the Greninger netin omparison with theoretial angles between low indexed lattie planes, i.e. re�exeswith Millers indies h, k, l in the range of {−1, 0, 1}. It is advisable to prepare a tableof all these angles before starting the experiment. Moreover a measurement of thedistane sample to sreen is neessary for the hoie of the orret Greniger net.
• The orientation of the rystal is adjusted with the following iterative method. Aftereah reord out of a series of about 3-5 illuminations the deviation of the (110)-re�exesfrom the enter of the reord in λ and ψ has to be measured. Now alternately oneof these two deviation angles is translated into a rotation of the sample with thegoniometer. After every variation another reord has to be done. The �rst reordshould lead to orretion of the ψ angle.
• A trouble-free and e�ient experimental development is garantueed by a rigorous eras-ing of the IPs after eah read out. This an be reahed by exposing the IP to moderate26



4.1 Experimental taskssunlight for about 10 minutes. Obviously it is usefull to hange the IP from on reordto the other in order to shorten waiting times.
• In the end of the orientation proess the (110)-re�ex must not deviate more than 1◦ in
λ and ψ from the enter of IP. Careful protooling of the di�erent reords is obligatory.Espaially the orientation of the IP in the Laue amera has to be well-known.Fig. 4.1: Laue reord of aSiO2 rystal in dire-tion of re�etion. Theinident beam is par-allem to the (110) sur-fae pole. The redmarked meridians aresymmetry equivalent.The meridian loatedmostly in the 1st quad-rant ontains the fol-lowing poles: (1 1 -1),(0 -1 0), (1 0 -1),(-1 -1 -1). The rossings ofthis meridian with theblue horizontal merid-ian and the blue ver-tial meridian are the(0 -1 0) and the (-1 -1 -1) poles, respetively.Calulation of Miller's indexes out of a laue reord: A part of a GaAsWafer has to be adjustedto its polished (111)-surfae. Determine the Miller's Indexes of the learly visible Laue Spotsin the re�etion pattern of GaAs. Furthermore the orresponding wavelengths should bealulated. Think about a reasonable error treatment. Proeed in the following way:

• De�ne the axis of the laboratory system. Choose this system in suh a way, that somespots lie on the x or y-axis.
• Calulate the normalized diretion vetors n̂i from all re�etion spots in the pattern -leading from the rystal to spots in the laboratory system and vetor of the inomingbeam n̂o.
• De�ne the base lattie vetors of the rystal system. determine the transformationMatrix M from the rystal system to the laboratory system:rLS = M · rCSUse the fat, that the rystal surfae is not only a (110) lattie plane, but also perpen-diular to the diretion of the inoming beam.Is there a freedom left in the de�nition of M? 27



4 Versuhsbeshreibung
• Transform the lattie base vetors from the rystal system representation to the labo-ratory system representation and alulate the values:

h′ =
(n̂i − n̂o) · a
(n̂i − n̂o) ·  k′ =

(n̂i − n̂o) · b
(n̂i − n̂o) · for eah re�etion spot.

• Calulate the Millers Indexes h, k, l from the values h′ and k′ for the spots and theorresponding wavelengths λ.
• Do an error disussion leading to estimations on the error of h, k, l and λ. This anbe done while dealing with the other parts of this task or in the end.Analysis of a �lm reord of a quarz rystal in transmission The Quarz rystal of the �rst taskwill plaed inside the Laue-Camera with an arbitrary orientation. Light sensitive photo�lmswill be installed in diretion of re�etion and transmission and illuminated for about 10hours. After the development of the �lms in the photo laboratory, several re�exes have tobe transferred to a transpareny. Extrat 7 meridians with the help of the Leonhardt netand transfer the orresponding lattie poles to the Wul� net (stereographi projetion). Thepositions of the single re�exes on the meridians have to be transferred, too.In whih area of the stereographi projetion do you �nd the re�exes of the transmissionreord, where the re�exes of the re�etion reord?4.2 Elements of the experiment4.2.1 Safety warnings and instrution rules

• The laser an only be used with suitable safety or adjustment glasses.

Abb. 4.2: Usage of the X-ray system28



4.2 Elements of the experiment
• it's not allowed to open the doors of the X-ray rak before swithing o� the power supplyof the x-ray tube. Opening the X-ray rak without swithing o� the power supply will asean emergeny shut down of the power that an probably damage the system.
• However, the system will reat with an emergeny shutdown, if the rak is not opened inaordane with the regulations. So there is no possiblity for enhaned radiation exposition.It is not allowed to swith on the power supply by deativation of the seurity measures.
• In order to prevent a damage of the X-ray system the high voltage has to be inreased insmall steps like 0.1/kVs. The same is true for the urrent: 0.1/mAs

• At the beginning of the experiment, the X-ray system is the heating mode. Before swithingon the power supply, one should hek the values of the high voltage and the urrent:
Vmin = 20 kV and Imin = 5 mA. After turning on the voltage the voltage has to be inreasedup to value of Umax = 40 kV. After that the eletron urrent will be inreased to a level of
Imax = [30]mA. For shutting down the system the desribed proedure is reversed.4.2.2 Laue-ameraIn Fig. 4.3 one an see a photo of the Laue amera together with the goniometer and the samplerystal. In diretion of re�etion one an see a plate, whih ontains the X-ray �lm of the imageplate. Moreover the onnetion to the X-ray tube is shown.

Fig. 4.3: Laue-Kamera4.2.3 LaserjustierungThe laser adjustment of the rystal surfae is done with a metal plate, that ontains a laserpointerand a photo diode. The laser beams is re�eted diretly onto the sensitive area of the photo diode,if the distane to the sample and the orientation of the rystal surfae is hosen orretly.The power supply (10 V) is onneted with the blue (-) and the red (+) onnetion pin. The29



4 Versuhsbeshreibungyellow led must shine otherwise the photodiode might be damaged. Therefore the polarity of thepower supply has to be heked with the multimeter. After that the multimeter is onneted withthe green and yellow onnetor pins. This signal is nearly proportional to the intensity of theinoming light. A �rst adjustment is done with the help of the eye. After that the orientation ofthe rystal has to be varied in suh a way, that the voltage on the multimeter is maximal.

Fig. 4.4: Laser adjustmentof the rystal surfae4.2.4 Projektionen der Re�exeThe Laue reords an only be analysed, if the projetion of the Re�exes on the detetion plane isunderstood. At �rst ~k is de�ned by (3.6) for a ertain lattie plane.PSfrag replaementsinident beam
ϑ1

ϑ2

zone axis 1
zone axis 2 Fig. 4.5: Geometry of thetransmission diretion:The spots on the sreenan be lassi�ed to oneof the two meridiansshown.30



4.2 Elements of the experimentFig. 4.6: Geometry ofthe re�etion diretion:One an see the Lauespots of three di�erentmeridians. The shownzone axis and its angleto the inident beamdiretion ϑ orrespondsto the upper of thethree meridians.
PSfrag replaementsEinstrahlrihtung ϑ

Zonenahse
The projetion of the laue re�exes on the sreen is quite simple. However, not the re�exes are ofinterest, but the orresponding poles. In order to get the oordinates λ and ψ of the plane poles,one has to onsider an additional distortion. Just as it was omfortable to use the Wul� hartfor the work within the stereographi projetion, it is now also useful to reate a hart showingthe lines, that would ontain Laue re�exes of equal longitude and latitude in one hart. It isimportant to realize, that in ontrast to the Wul� hart it is not important to hoose the orretsample-�lm-distane for the hart. In the ase of the re�etion one has to use the Greninger - , inase of the transmission the Leonhardt-hart (Fig. 4.7). The parametrisation of the urves andfurther detailes are derived in the referene [Ber65℄. Fig. 4.5 and Fig. 4.6 give an impression onthe geometry of the projetions.
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4 Versuhsbeshreibungare depited in Fig. 4.8 and Fig. 4.9. The orresponding transformationsare given by::
Re�etion diretion:

D < 0

ϑ =
1

2
· arctan

(

−
r

D

) (4.1)
ρ = tan

(
ϑ

2

)

= tan

[
1

4
· arctan

(

−
r

D

)] (4.2)
Transmission diretion:
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Fig. 4.8: Calulation ofthe oordinates in theGreningerhart32



4.2 Elements of the experiment

Fig. 4.9: Calulation ofthe oordinates in theLeonhardt hart
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4.2.5 Filmentwiklung und Imageplate-systemX-ray �lm development The �lm development is done in a dark room with the help of ommondevelopment and �xing baths. The time for development adds up to approximately 1minute, the�xing is done in 7 minutes. After that the �lm is washed out in water for about 20 minutes anddied for 45 minutes.Imageplate-system One has to stik to the operation manual in order to prevent damage of thesystem.4.2.6 Literature of omparable experiments (german)Further literature is linked in the following list:
• Alexander Heide: Debye-Sherrer-Verfahren und Laue-Verfahren
• Tim Haupriht und Matthias Heidemann: Röntgenographishe Methoden
• Carola Eyÿell und Tim-Oliver Husser: Kristallzuht und Röntgenbeugung

33



5 Referenes5 Referenes[Ber65℄ Bernalte, B.: On the Curves in the Greninger and Leonhardt Nets.Ata Crystallographia, 1965.[Dem05℄ Demtröder, Wolfgang: Atome, Moleküle und Festkörper, 2005.[Gru94℄ Grupen, Claus: Partile detetors, 1994.[Kle98℄ Kleber, Will: Einführung in die Kristallographie, 1998.[Lau13℄ Laue, Friedrih, Knipping. Annalen der Physik, 1913.[Pub89℄ Publishers, Kluwer Aademi: International Tables for Crystallography, Volume1, 1989.[Wik℄ Wikipedia: Galliumarsenid, Quarz. www.wikipedia.de.

34

www.wikipedia.de

	X-ray radiation
	Discovery
	Erzeugung
	Characterisitics
	Detection
	Radiation protection

	Beschreibung von Kristallen
	Coordinate systems and lattice planes
	Reciprocal lattice and Miller's indexes
	Angle between two lattice planes
	Interplanar distances

	Symmetrie Operations, Bravais lattices and point groups
	Stereographic projection
	Wulff net

	Crystal structures and used crystals.
	Quartz
	Zinc blend structure


	X-ray diffraction at crystals
	Simple diffraction theory
	The Laue equations
	Ewald construction and the reciprocal space
	Bragg's interpretation of the diffraction condition
	Atomic form factor, structure factor and extinction rules

	Versuchsbeschreibung
	Experimental tasks
	Elements of the experiment
	Safety warnings and instruction rules
	Laue-camera
	Laserjustierung
	Projektionen der Reflexe
	Filmentwicklung und Imageplate-system
	Literature of comparable experiments (german)


	References

